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The study of curvature and topology of Riemannian manifolds is one of the main
stream in differential geometry. A well known classical theorem due to H. Hopf states
that a complete and simply connected Riemannian n-manifold M is isometric to the
standard unit n-sphere Sn if its sectional curvature is everywhere constant 1. A
natural question is whether or not the topology of a complete and simply connected
M is the same as that of Sn when the range of the sectional curvature KM of M
is sufficiently close to 1. Let M be a compact and simply connected Riemannian
n-manifold with positive sectional curvature. The question is to find a pinching
constant δ ∈ (0, 1) with the property that if δ := minKM/maxKM is sufficiently
close to 1, then M has the same topological type as Sn. Here the topological type
means the diffeomorphism type, homeomorphism type, homotopy type, etc. The
estimate of the injectivity radius of the exponential map plays an essential role and
has been investigated by Klingenberg [19], Berger [5] and others. The classical sphere
theorem due to Klingenberg states that a complete and simply connected Riemannian
n-manifold is homeomorphic to Sn if δ > 1
4
. The Berger rigidity theorem states that
a complete and simply connected Riemannian n-manifold M is either homeomorphic
to Sn (when the diameter, diam(M), of M is greater than pi) or isometric to one
of the compact symmetric spaces of rank one (when diam(M) = pi) if the sectional
1
2curvature KM of M satisfies
1
4
5 KM 5 1 or δ = 14 . Here the estimate of the
injectivity radius ofM is essential. The class of δ-pinched manifolds with the pinching
condition for δ < 1
4
is an interesting and attractive target. Abresch and Meyer have
proved in [3, 4] that if an odd dimensional compact and simply connected M has the
property 1
4(1+ε)2
5 KM 5 1, then the injectivity radius of M is bounded below by pi
and M is homeomorphic to a sphere. However, the optimal pinching constant to give
the topological sphere theorem has not been obtained yet.
It was Milnor who first discovered the exotic differentiable structures on spheres
in [31]. It is natural to ask whether or not a pinching constant can be strengthened
to single out the differentiable structure of the standard n-sphere. Gromoll [13] and
Shikata [38] attempted to find such pinching constants. The pinching constant ob-
tained in [13, 38] depends on the dimension of manifolds. It seemed natural because
the number of distinct exotic differentiable structures depends on the dimension of
spheres. The dimension independent pinching constant was first obtained by Shio-
hama and Sugimoto [43] and by Ruh [36] by a different method. Also, Suyama has
obtained in [44] new pinching constants in low dimension. However, the best possible
number has not yet been found.
Sphere theorems have been extended to give the finiteness theorems of the topo-
logical type on a certain class of Riemannian n-manifolds which are restricted by ge-
ometric quantities. The restriction of geometric quantities is settled on the range of
curvature, volume, diameter, etc. For instance, Weinstein has proved in [46] that the
class of all compact 2n-dimensional Riemannian manifolds with δ-pinched sectional
curvature has at most finitely many homotopy classes. The number of homotopy
classes is estimated in terms of n and δ. The Cheeger finiteness theorem [6] states
3that for given constants n = 2, V > 0, κ > 0 and D > 0 the class of all complete
n-manifolds M such that vol(M) > V , |KM | 5 κ and diam(M) 5 D has at most
finitely many homeomorphism types (and diffeomorphism types as well). The num-
ber of such diffeomorphism types has been a priori estimated by Yamaguchi [47] and
Peters [34]. Notice that all the results stated above are obtained within bounded ge-
ometry, where the injectivity radius on the class of manifolds has a uniform positive
lower bound.
0.1 Critical point theory of distance functions
The diameter sphere theorem requires only the lower curvature bound on the class
of complete Riemannian n-manifolds, on which the injectivity radius does not have a
uniform positive lower bound. The contractibility radius of a metric r-ball, B(p, r) ⊂
M , around p ∈ M is by definition the supremum of radii r for which B(p, r) is
contractible to a point. If the distance function to p does not have critical points
on B(p, r) \ {p} then B(p, r) is contractible. Thus, the notion of critical points
of distance function plays an important role for the proof of sphere theorems. A
topological sphere is obtained as the union of two disks joined along their common
boundaries. The diameter sphere theorem due to Grove-Shiohama [16] is stated as
follows :
A complete Riemannian n-manifold with curvature KM = 1 is homeomorphic to
Sn if its diameter satisfies diam(M) > pi
2
.
Thus the critical point theory of distance functions on Riemannian manifolds was
initiated by the above theorem and developed systematically by M. Gromov [14] to
give a uniform estimate of the total Betti number of the class of n-manifolds M
4for which KM = κ and diam(M) 5 D. The topological finiteness theorem for the
class of Riemannian n-manifolds with KM = κ, vol(M) = V and diam(M) 5 D has
been obtained by Grove-Petersen [15], by using the critical point theory of distance
functions. A sphere theorem for Ricci curvature was obtained by using the critical
point theory of distance function and the generalized Schoenflies theorem in [39].
Given an integer n = 2 and κ > 0, there exits a positive number ε = ε(n, κ) such
that if M has the properties :
KM = −κ2 , RicM = n− 1 , vol(M) = vol(Sn)− ε
then M is homeomorphic to Sn. Further development has been made by Grove-
Petersen [15] as follows :
Given an integer n = 2 and κ > 0, V > 0, there exists a positive number
ε = ε(n, κ , V ) such that if M has the properties :
KM = κ , RicM = n− 1 , vol(M) = V , diam(M) = pi − ε
then M is homeomorphic to Sn.
0.2 The Gromov-Hausdorff topology
The Gromov-Hausdorff convergence theorem is a very powerful tool in the investi-
gation of curvature and topology of Riemannian manifolds. The notion of Gromov-
Hausdorff closeness between Sn and M is combined with the critical point theory
of distance function on M . This idea gives raise to a new version of differentiable
sphere theorems. The volume sphere theorem due to Otsu-Shiohama-Yamaguchi [33]
states that for given a positive integer n, there exists an ε = ε(n) > 0 such that if
5a complete Riemannian n-manifold with KM = 1 has its volume, vol(M), such that
vol(M) > vol(Sn)− ε(n) then M is diffeomorphic to Sn. Here the Hausdorff distance
between M and Sn was estimated in terms of n and ε, and the notion of the global
n-strainer was first introduced. This idea was developed to obtain the radius sphere
theorem [41] as follows.
Theorem 0.2.1 (Shiohama-Yamaguchi ; [41]). There exists for given n = 2 an
ε = ε(n) > 0 such that of M is a complete Riemannian n-manifold with
KM = 1 and inf
p∈M
sup ρp > pi − ε(n)
then M is diffeomorphic to Sn. Here ρp : M \ {p} −→ R is the distance function to
p.
Moreover, Otsu proved the following.
Theorem 0.2.2 (Otsu ; [32]). For given n = 2, κ > 0 and V > 0there exists a
constant ε = ε(n, κ , V ) > 0 such that if M has the properties :




sup ρp > pi − ε
then M is diffeomorphic to Sn. Here ρp is the distance function to p.
In the above theorems, we can estimate the Gromov-Hausdorff distance between
M and Sn in terms of given constants.
60.3 Radial curvature and topology
The notion of radial curvature was first introduced by Klingenberg in [20] to obtain
a homotopy sphere theorem. Let (M, o) be a pointed Riemannian manifold and γ :
[0, `] −→ M be a unit speed minimizing geodesic emanating from o = γ(0). A plane
section containing γ′(t) for some t is called a radial plane. The sectional curvature
with respect to a radial plane is called a radial curvature. Klingenberg proved that if
all of the radial curvature of (M, o) lies on (1
4
, 1] then M is a homotopy sphere, that
is to say, the i-th homotopy group, Πi(M), of M is trivial for all i = 1, · · · , n − 1.
Here the homotopy of a non-degenerate loop space Ω joining o to a point p ∈ M
near o is discussed. Therefore, the solution of the Poincare´ conjecture for n = 5
implies that such an M is homeomorphic to Sn. This result was strengthened by
Machigashira [24, 25] to give topological spheres in all dimensions.
Further developments on the radial curvature and topology of Riemannian mani-
folds have been made in [26, 27] and [28]. Here the estimate of the Gromov-Hausdorff
distance between M and Sn is important. A differentiable sphere theorem has been
established in [26]. The following theorem due to Marenich and Mendonc¸a [28] stands
along this line.
Theorem 0.3.1 (Marenich-Mendonc¸a ; [28]). Let (M, o) be a compact pointed




sup ρp > pi − ε
for ε sufficiently small then M is homeomorphic to Sn. In particular, infp∈M sup ρp =
pi implies that M is isometric to the standard unit sphere.
7Elerath [8] first developed the new version of the Toponogov comparison theorem,
where the reference space is a noncompact convex surface of revolution in R3 which is
flat outside a compact set. More precisely, we denote by M˜ ⊂ R3 a flattening convex
surface of revolution with nonnegative Gaussian curvature and with a pole o˜. The
Gaussian curvature K of M˜ is constant on each metric sphere around o˜ and is mono-
tone non-increasing in the distance function to o˜ and K ≡ 0 outside a compact set.
Such a surface is a special von-Mangoldt surface of revolution. Elerath considered
complete and non-compact Riemannian n-manifolds of nonnegative sectional curva-
ture with a base point at o ∈ M such that the sectional curvature at a point p ∈ M




. He then proved that such an M has 0-dimensional
soul, and hence M is diffeomorphic to Rn. He discussed geodesic triangle of the form
4(oxy) on M and its corresponding triangle 4(o˜x˜y˜) ⊂ M˜ with
d(o, x) = d(o˜, x˜) , d(o, y) = d(o˜, y˜) , d(x, y) = d(x˜, y˜) . (0.3.1)
Here the corresponding geodesic triangle 4(o˜x˜y˜) always exists when M˜ is a von-
Mangoldt surface of revolution. This fact is guaranteed by the fact that the cut
locus C (p˜) to each point p˜ ∈ M˜ has the property that C (p˜) = ∅ (when p˜ = o˜),
or C (p˜) is a proper subray of the meridian opposite to p˜. A pointed Riemannian
2-manifold (M˜, o˜) is by definition a von Mangoldt surface of revolution if and only
if its Gaussian curvature K is monotone non-increasing and satisfies K(p˜) = K(q˜)
for d(p˜, o˜) = d(q˜, o˜). Such an M˜ has rotationally symmetric metric with respect to
o˜. Therefore, o˜ is a pole of the exponential map if M˜ is complete. Each geodesic
γ˜ : [0,∞) −→ M˜ emanating from o˜ is called a meridian of M˜ . Tanaka [45] has
proved that if M˜ is a von Mangoldt surface of revolution and if p˜ ∈ M˜ then C (p˜) = ∅
(where p˜ = o˜) or C (p˜) is a proper subarc of the meridian opposite to p˜.
8The Toponogov comparison theorem generalized by Elerath [8] is stated as follows :
Theorem 0.3.2 (Elerath ; [8]). Let (M, o) be a complete and non-compact Rieman-
nian n-manifold of nonnegative sectional curvature. Let (M˜, o˜) be a von-Mangoldt
surface of revolution in R3 which is flat outside a compact set. Assume that the sec-
tional curvature at p ∈ M is bounded below by K(d(o, p)), where K is the Gaussian
curvature of M˜ and monotone non-increasing. Then every geodesic triangle of the
form 4(oxy) has its corresponding triangle 4(o˜x˜y˜) ⊂ M˜ satisfying (0.3.1) such that
the following inequalities are valid:
∠oxy = ∠o˜x˜y˜ , ∠oyx = ∠o˜y˜x˜ . (0.3.2)
A more general class of Riemannian metrics was discussed by Abresch [1], who in-
troduced the notion of pointed manifolds with asymptotically nonnegative curvature.
A complete pointed manifold (M, o) is called asymptotically nonnegatively curved if
and only if there exists a model surface (M˜, o˜) of revolution whose radial curvature
function K : [0,∞) −→ (−∞, 0] satisfies
∫ ∞
0
−tK(t)dt <∞ , K 5 0 , K ′ = 0 , on [0,∞)





. The metric of (M˜, o˜) is given as (0.4.1) and satisfies (0.4.2).
Abresch [2] discussed the Toponogov comparison theorem for geodesic triangles of
the form 4(oxy) ⊂ M . Because the reference surface is an Hadamard surface the
corresponding geodesic triangle 4(o˜x˜y˜) always exists. With this notation, Abresch
proved in [1], that for every geodesic triangle 4(oxy) ⊂ M there exists the corre-
sponding geodesic triangle 4(o˜x˜y˜) ⊂ M˜ with (0.3.1) such that (0.3.2) are satisfied.
9Further developments on the topology of complete noncompact manifolds with re-
stricted curvature have been obtained by Abresch [2], Greene-Wu [12], Sugahara [42],
Machigashira [24, 25, 26] and others. We shall omit them, for we are concerned with
sphere theorems.
0.4 The generalized Toponogov comparison theo-
rem for model surfaces of revolution
The generalized Toponogov comparison theorem has recently been discussed by
Itokawa-Machigashira-Shiohama in [17] where the reference spaces are surfaces of
revolution, and employed by K. Kondo in [21, 22] to prove a new type sphere the-
orems. We need some notations for the statement of recent developments of sphere
theorems which directly influence to our investigation.
A pointed complete simply connected n-manifold (M˜, o˜) is by definition an n-
model if and only if its metric ds˜2 is expressed in terms of the geodesic polar coordi-
nates (t,Θ) as follows :
ds˜2 = dt2 + f 2(t)ds2Sn−1(Θ) , (t,Θ) ∈ (0, ˜`)× Sn−1 . (0.4.1)
Here ds2Sn−1(Θ) is the standard metric at a point Θ ∈ Sn−1 and a positive smooth
function, f : (0, ˜`) −→ R+, is called the warping function of (M˜, o˜) satisfying the
Jacobi equation
f ′′(t) +K(t)f(t) = 0 , f(0) = 0 , f ′(0) = 1 , t ∈ (0, ˜`) (0.4.2)
and K : [0, ˜`] −→ R is a smooth function called the radial curvature function of
(M˜, o˜). Further, ˜` := supx∈M˜ d(o˜, x) 5 ∞ is a constant, and ˜` = ∞ if and only if
10
M˜ is diffeomorphic to Rn and ˜` < ∞ if and only if M˜ is diffeomorphic to Sn. It
follows from the compactness and simple connectness of M˜ that ˜` < ∞ and C (o˜)
coincides with the first conjugate locus, forming a single point, say o˜∗ ∈ M˜ , such
that d(o˜, o˜∗) = ˜`. (M˜, o˜) has the following property, called the axiom of plane. Let
Wk, k = 2 be a k-dimensional linear subspace of M˜o˜. Then expo˜(Wk) ⊂ M˜ is a
k-dimensional totally geodesic submanifold with induced metric (0.4.1) for n = k.
We call this (M˜2, o˜) a model surface of revolution. A model surface of revolution
is called a von Mangoldt surface of revolution if K : (0, ˜`) −→ R is monotone and
non-increasing.
In the previous investigations [1, 2, 8, 12, 42] and others, all the sectional cur-
vatures at a point p ∈ M is bounded below by K(ρo(p)) and K does not change
sign. Our investigation is taken place on more general class of Riemannian metrics.





. Here the radial curvature function is smooth on (0, ˜`) and may
change its sign. A singular example is a compact von Mangoldt surface (M˜2, o˜) of
revolution on which K is non-constant. Then the point o˜∗ ∈ M˜2 which is furthest
from o˜ is a singular point, but the whole space is a topological manifold. We discuss
the class of Riemannian metrics, each of which is referred to a spherical model surface
of revolution, or a spherical warped product model. Therefore, such a class of metrics
does not in general have a uniform lower bound for the range of sectional curvature.
Let (M, o) be a pointed complete Riemannian manifold such that at each point
p ∈ M the radial curvature is bounded below by K(ρo(p)). We say that (M, o) is





. Making use of the generalized Toponogov comparison theorem for
11
(M, o) being referred to a von Mangoldt surface of revolution, K. Kondo has proved
the following theorem.
Theorem 0.4.1 (Kondo ; [21, 22]). Let (M˜, o˜ ) be a compact von Mangoldt surface
of revolution and let (M, o) be referred to (M˜, o˜). If
sup ρo = sup ρo1 > r(o˜∗) ,
then, there exists a sufficiently small ε := ε(sup ρo) > 0 such that if
sup ρo > ˜`− ε ,
then M is homeomorphic to a sphere Sn. Here o1 ∈M is a point such that d(o, o1) :=
sup ρo and r(o˜∗) is the convexity radius at o˜∗.
It is our purpose to prove a sphere theorem, independent of Kondo’s result, for
a certain class of metrics of pointed manifolds. Our result does not require a model
surface to be a von Mangoldt surface of revolution and hence does not use the To-
ponogov comparison theorem for general geodesic triangle of the form 4(oxy). The
proof technique is different from that of Kondo.
Let r(M˜) be the convexity radius of M˜ and η(M˜) > 0 a constant such that
η(M˜) := sup
{
η > 0 ; max
{
f(λ), f(˜`− λ)} = min
λ5 t5 ˜`−λ
f(t) for ∀λ ∈ [ 0, η )
}
.







With this notation our first result is stated as :
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Theorem A (Lee ; [23]). Let (M˜, o˜ ) be a model surface of revolution with ˜`< ∞.
Let (M, o) be referred to (M˜, o˜). Then, M is homeomorphic to Sn if
diam(M) 5 ˜`, r(o) = r(M˜), sup
x∈M
ρo(x) > ˜`− ε(M˜) .
0.5 The generalized Toponogov comparison theo-
rem for warped product models
In due course of the proof it turns out that model surfaces can be generalized to the
warped product models of the form (−˜`−, ˜`+)×f N = M˜ . Here N is a connected and
compact (n−1)-dimensional totally geodesic hypersurface of M˜ and f : (−˜`−, ˜`+) −→
R+ a positive smooth function, called the warping function of (M˜,N) and ˜`± are
positive constant with possibly ˜`± 5∞. The general classification for warped product
models has been established in [29, 30]. It has been proved in [30] that there are seven
types of warped product models. We only consider the spherical warped product
model, as defined :
Definition 0.5.1. A warped product model (M˜,N) is called a spherical warped
product model if and only if M˜ \ N is disconnected and 0 < ˜`± < ∞ and
f(−˜`−) = f(˜`+) = 0 are satisfied.
Clearly, a spherical warped product model (M˜,N) has the properties that M˜ is
diffeomorphic to Sn and N is isometric to a standard (n−1)-sphere. We observe that
every compact model surface of revolution (M˜, o˜) can be thought of as a spherical
warped product model. In fact, if f : (0, ˜`) −→ R+ is the warping function of (M˜, o˜)
13
then f assumes its maximum at t0 ∈ (0, ˜`). Setting N := {(t0,Θ) : Θ ∈ Sn−1},




of a spherical warped product model is expressed in terms of the
normal exponential map over N as
ds2
M˜
= dt2 + f 2(t)ds2N(x) , (t, x) ∈ (−˜`−, ˜`+)×N (0.5.1)
and the radial curvature function K : [−˜`−, ˜`+] −→ R satisfies the Jacobi equation :
f ′′ +Kf = 0 , f(0) = 1 , f ′(0) = 0 , f(−˜`−) = f(˜`+) = 0 . (0.5.2)
Here the function t : M˜ −→ [−˜`−, ˜`+] is the oriented distance function to N and ˜`± :=
supx∈M˜±
∣∣ t(x) ∣∣. M˜ \N consists of two components and the comparison geometry is
taken place on each of the components.
We consider a pair (M,N) of complete connected Riemannian n-manifold M and
a totally geodesic hypersurface N ⊂ M such that the normal bundle ⊥N over N is
trivial in TM and such that M \ N consists of two components. Then the oriented
distance function, ρN :M \N −→ R, to N has its range in [−`−, `+]. This fact follows
from the comparison situation stated below. A unit speed geodesic γ : [0, a] −→ M
is called a minimizing geodesic from N to a point p ∈M \N if and only if γ(0) ∈ N ,
γ˙(0) ∈ ⊥N and ∣∣ ρN(γ(t)) ∣∣= t for any t ∈ [0, a]. A plane Π ⊂ TpM is by definition a
radial plane if and only if Π contains a vector tangent to a minimizing geodesic from
N . For a radial plane Π the sectional curvature KM(Π) is called a radial curvature
of (M,N).
Definition 0.5.2. We say that (M,N) is referred to a spherical warped product model
(M˜,N) or that the reference space of (M,N) is (M˜,N) if and only if
14
(1) Both M \N and M˜ \N are disconnected ,
(2) At each point p ∈ M \ N the radial curvature KM(Π) for any radial plane Π is





Notice that the range [−`−, `+] = ρN(M) of the oriented distance function to N is
contained in [−˜`−, ˜`+]. This follows from the comparison theorem for the focal point
distance. Setting M˜± := {p˜ ∈ M˜ | t(p˜) ≷ 0} and M± := {p ∈ M | ρN(p) ≷ 0}, we
compare M± to M˜± respectively. We define positive constants η±(M˜±) on M˜± by
η+(M˜+) := sup
{
η > 0 ; f(˜`+ − λ) = min
05t5˜`+−λ




η > 0 ; f(−˜`− + λ) = min
−˜`−+λ5t50










Here o˜∗+ ∈ M˜+ and o˜∗− ∈ M˜− are points such that d(N, o˜∗+) = ˜`+ and d(N, o˜∗−) = ˜`−,
respectively. With this notation our second result is stated as
Theorem B (Lee ; [23]). Let (M,N) be referred to a spherical warped product model
(M˜,N). Then M is homeomorphic to Sn if
sup
x∈M±
∣∣ ρN(x) ∣∣ > ˜`± − ε(M˜) .
Example of a warped product C1-hypersurface M˜ in Rn+1 is constructed. It can
be approximated by smooth Riemannian manifolds. Let a > pi be a constant.
15





x2i = 1 , xn+1 5 −a
n∑
i=1
x2i = 1 , −a 5 xn+1 5 a
(xn+1 − a)2 +
n∑
i=1
x2i = 1 , xn+1 = a
Let ι : Rn+1 −→ Rn+1 be the symmetry with respect to the origin and set M :=
M̂/{ι, ι2 = id. }. We denote by pi : M̂ −→ M the covering projection map and
set N := pi
(
x−1n+1
({−a})) ⊂ M . Clearly, N is the standard unit (n − 1)-sphere.
For the pair (M,N), we define a warped product model (M˜,N) as follows. A point





x2i = 1 , xn+1 5 −a
n∑
i=1
x2i = 1 , −a 5 xn+1 5 0
(xn+1 − a)2 +
n∑
i=1
x2i = 1 , xn+1 = 0
Let N := x−1n+1
( {−a} ) ⊂ M˜ . The radial curvature function K : [−pi
2








5 t < 0 , a < t 5 a+ pi
2
0 , 0 < t < a





. We then observe that (M,N) is
referred to (M˜,N) and
`+ = a = ˜`+ − ε(M˜) , `− = pi
2
> ˜`− − ε(M˜) = 0 .
Therefore, we see that the assumptions in Theorem B are optimal.
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The rest of our paper is organized as follows. In section 1 we prepare the basic tools
used for the proof of our results. They are the axiom of plane for both model surfaces
of revolution and the warped product models. We also state the Clairaut relation of
the geodesics on our models. We shall state in section 2 the Toponogov comparison
theorem for narrow triangles on pointed manifolds. Generalized narrow triangles of
the form 4(Nxy) ⊂ M is discussed to show the Toponogov comparison theorem for
generalized narrow triangle on (M,N). The Alexandrov convexity property is also
discussed. In section 3 we discuss the Morse theory for locally Lipschitz continuous
function f on M . Here the smooth approximations of f by the standard Riemannian
convolution method is discussed. The standard partition of unity is employed for the
construction of smooth vector field transversal to f . Finally in section 4 we shall




The basic tool used for the proofs of our results is prepared here. The basic facts on
Riemannian geometry are referred to [7, 37]. We refer to [40] for further information
on sphere theorems.
1.1 The Clairaut relation
A geodesic triangle sketched on a complete and simply connected surface of constant
Gaussian curvature satisfies the trigonometric rules. They are the sine and cosine
formula for the edge lengths and angles of it. However, our model surface does not
admit such rules, for our models have nonconstant radial curvature which may change
sign.
Our model space has the property that every geodesic on it satisfies the Clairaut
relation. For the statement of the Clairaut relation, we need to define the meridians
of a model. A meridian of a surface of revolution (M˜, o˜) is a unit speed geodesic
emanating from o˜. A meridian on a spherical warped product model (M˜,N) is by
definition a unit speed geodesic tangent to ⊥N . We observe that ∇t is a unit vector
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field tangent to all of the meridians of (M˜, o˜) and (M˜,N).
Lemma 1.1.1 (The Clairaut relation, compare Lemma 3.1 in [30]). Let
γ˜ : R −→ M˜ be a unit speed geodesic transversal to a meridian. Here M˜ is a
model surface of revolution. γ˜(s) is expressed in terms of the geodesic polar coordi-




. Then there exists a constant C(γ˜) depending











sinα(s) = C(γ˜) , s ∈ R . (1.1.1)

































= 0. This proves (1.1.1).
Remark 1.1.1. The Clairaut relation holds on all the model surfaces of revolution and
warped product models with metrics (0.4.1) and (0.5.1).
1.2 The axiom of plane
We next show that the axiom of plane is valid for our models. In a recent work in [29],
the following result has been proved.
Lemma 1.2.1 (The axiom of plane, see Theorem 2.2 in [29]). Let (M˜,N)
be a warped product model and γ˜ : R −→ M˜ a unit speed geodesic transversal to a
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meridian. Let S(γ˜) ⊂ M˜ be a ruled surface with base curve γ˜(R) and generated by
the meridians passing through all the points on γ˜(R). Then S(γ˜) is totally geodesic.
Remark 1.2.1. The above statement is valid for a model (M˜, o˜), for the metric (0.4.1)
is rotationally symmetric around o˜. For the details of the proof see [12].
The axiom of plane is proved only in the case of a warped product model.
Sketch of the proof of Lemma 1.2.1. We have (−˜`−, ˜`+) ×f N = M˜ . Let
pi2 : M˜ \ C (N) −→ N be the second projection :
pi2(t, x) := x , (t, x) ∈ (−˜`−, ˜`+)×N.
If γ˜ is a unit speed geodesic which is transversal to a meridian, then C(γ˜) 6= 0 and
hence γ˜′(s) is transversal to ∇t(γ˜(s)) for all s ∈ R. Therefore, we observe that S(γ˜)
is a ruled surface of M˜ . In particular, γ˜N(s) := pi2 ◦ γ˜(s), s ∈ R is a smooth regular
curve on N . Computations then show that γ˜N(R) is the image of a geodesic in N .
To show that S(γ˜) is totally geodesic in M˜ , we only need to prove that if
x, y ∈ S(γ˜) are arbitrary points sufficiently close to each other, then the unique
minimizing geodesic σ˜ : [0, a] −→ M˜ with σ˜(0) = x, σ˜(a) = y is contained entirely in
S(γ˜). This fact follows from the assumption that N is totally geodesic and from the
fact that σ˜N [0, a] = pi2 ◦ σ˜[0, a] is the image of a geodesic in N .
1.3 The Berger comparison theorem
We finally state the Berger comparison theorem which is used for the proof of the
generalized Toponogov comparison theorem for (generalized) narrow triangles. On
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a pointed manifold (M, o) referred to (M˜, o˜), we deal with narrow triangles of the
form 4(oxy) where x, y ∈ M are taken sufficiently close. On a pair (M,N) referred
to a spherical warped product model (M˜,N), we deal with the generalized narrow
triangles of the form 4(Nxy) where x, y ∈ M are taken sufficiently close. We only
discuss a spherical warped product model, for the other case is contained essentially
in this case. We need some notations and definitions as follows.
Let (M,N) be referred to (M˜,N). Let α, α˜ : [0, 1] −→ M , M˜ be minimizing
geodesics from N to p ∈ M , p˜ ∈ M˜ respectively such that L(α) = L(α˜) = d(N, p) =
d(N, p˜) and such that α(0) =: p0 ∈ N ⊂ M , α˜(0) =: p˜0 ∈ N ⊂ M˜ . Let E, E˜ be unit
parallel fields along α, α˜ such that E(0) ∈ Np0 , E˜(0) ∈ Np˜0 and ι : M˜p˜0 −→ Mp0 a




= E(0). For a positive
smooth function ϕ : [0, 1] −→ R+, we define smooth vector fields Y := ϕE and
Y˜ := ϕE˜ along α and α˜. We assume that geodesics σt, σ˜t : [0, 1] −→ M , M˜ defined
by
σt(u) := expα(t) uY (t) , σ˜t(u) := expα˜(t) u Y˜ (t) , (1.3.1)
u ∈ [0, 1] , t ∈ [0, 1]
have no focal point on [0, 1] for each t ∈ [0, 1]. The 1-parameter family {σt : [0, 1] −→
M ; 0 5 t 5 1
}
of geodesics defines a geodesic variation V : [0, 1] × [0, 1] −→ M
(also, V˜ : [0, 1] × [0, 1] −→ M˜) along every geodesic σt (also, σ˜t) for 0 5 t 5 1 such
that
V (t, u) := σt(u) , V˜ (t, u) := σ˜t(u) , (t, u) ∈ [0, 1]× [0, 1] .














, (t, u) ∈ [0, 1]× [0, 1] . (1.3.2)
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With this notation we state the Berger comparison theorem as follows.
Theorem 1.3.1 (The Berger comparison theorem). Set c(t) := V (t, 1) and
c˜(t) := V˜ (t, 1). If (1.3.1) and (1.3.2) are satisfied for every t ∈ [0, 1], then
L(c) 5 L(c˜) .
We apply the above theorem to a generalized narrow triangle of the form 4(Nxy)
in M . The details will be stated later in §2. We discuss here the first step of the
technical application of Theorem 1.3.1 to a generalized geodesic triangle 4(Nxy)
which is decomposed into a small right triangle and a rectangle whose opposite edges
have the (almost) same lengths.
Let γ, γ˜ : [0, 1] −→ M , M˜ be minimizing geodesics with p = γ(0), p˜ = γ˜(0) and
q = γ(1), q˜ = γ˜(1) such that
L(γ) = L(γ˜) , ∠p0pq = ∠p˜0p˜q˜ . (1.3.3)
We further assume that q (q˜ ∈ M˜) is taken sufficiently close to p (p˜ ∈ M˜). Let
β, β˜ : [0, 1] −→ M , M˜ be minimizing geodesics from N such that β(1) = q,
β(0) =: q0 ∈ N , β˜(1) = q˜, β˜(0) =: q˜0 ∈ N . Let E˜ be a unit parallel field on S(γ˜)





= 2 and they span Sp˜0(γ˜). Choose ϕ : [0, 1] −→ R+ so as to
satisfy that
{
c˜(t) := expα˜(t) ϕ(t)E˜(t) ; 0 5 t 5 1
}
is a proper subarc of β˜[0, 1] and





With this notation the technical application is stated as follows.
Proposition 1.3.2. Assuming (1.3.1), (1.3.2) and (1.3.3) for the triple of geodesics
(α , β , γ) and (α˜ , β˜ , γ˜), we have
L(β) 5 L(β˜) .
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Proof. If ∠p0pq = pi2 , then the conclusion is immediate from the Berger comparison








follows from the choice of c. We see from the Rauch comparison theorem for4(pqc(1))









+ L(c) = L(β) .
If ∠p0pq < pi2 , we proceed the proof by a similar manner. The proof of the final case
is essentially the same and will be omitted here.
Remark 1.3.1. Let (M,N) be referred to (M˜,N) and let α, α˜ : [0, 1] −→ M , M˜ be
minimizing geodesics from N to p := α(1) ∈ M and to p˜ := α˜(1) ∈ M˜ , respectively.
The assumption (1.3.2) for the sectional curvature is not necessarily fulfilled. In fact,
the plane section spanned by σt
′(u) and ∂
∂t
V (t, u) are not necessarily radial plane.
To solve this point, we replace the warped product model as follows. Let η > 0 be
an arbitrary fixed small constant. Let (M˜η, N) be a warped product model with its
radial curvature function
K˜η := K − η .
We then observe that (M,N) is referred to (M˜η, N). Along the geodesics α, α˜ :

















, t ∈ [0, 1] .
Continuity implies that there exists a small ε = ε(η) > 0 such that if maxϕ < ε(η),
then (1.3.2) is satisfied for all (t, u) ∈ [0, 1]× [0, 1]. This is the basic idea of the proof
(first step) of the generalized Toponogov comparison theorem for generalized narrow
triangle of the form 4(Npq), (see Theorems 2.1.2 and 2.2.1).
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1.4 Generalized space forms
We shall find out all the possible model surfaces of revolution and warped product
models, which are used as the reference spaces in comparison geometry. This topic
has been discussed in [18] for model surfaces of revolution and in [30] for warped
product models. Their results are summarized as follows.
On a complete pointed manifold (M, o), a plane Π ⊂ Mp at p ∈ M is called a
radial plane if and only if it is tangent to a minimizing geodesic emanating from o.
The sectional curvature KM(Π) is called a radial curvature. Let γi : [0, ai] −→ M ,
i = 1, 2 be unit speed minimizing geodesics joining o to arbitrary chosen points












∀Xi ∈Mγi(t) , Xi⊥γi′(t) , t ∈
[
0 , min{a1, a2}
]
.





is called radial curvature function of
(M, o). The above relation is clearly satisfied at any base point of every space form of
constant sectional curvature. A non-simply connected space form can not be employed
as a reference space of the Toponogov comparison theorem. The condition (1.4.1)
might not give restrictions on the of particular space forms. Therefore, in addition
to (1.4.1) we require further assumption for (M, o) to be a reference space. We have
expected that additional assumption will control the structure of cut locus C (o) to
o. The discussion on the structure of cut locus C (o) is seen in [18] and that of C (N)
in [30]. Katz and Kondo have proved the following basic theorem [18]. We omit the
proof here.
Theorem 1.4.1 (Katz-Kondo ; [18]). Let (M, o) be a complete pointed manifold
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satisfying (1.4.1). We then have :
(1) If the injectivity radius i(o) at o is less than sup ρo, where ρo is the distance








{o} is expressed as in (0.4.1).
(2) If i(o) = sup ρo < ∞, then (M, o) is either a spherical model surface of revolu-
tion (when M is simply connected), or M is diffeomorphic to PRn and C (o) is
isometric to PRn−1(c) of constant curvature (when M is not simply connected).
(3) If i(o) = sup ρo = ∞, then (M, o) is a model surface of revolution which is
diffeomorphic to Rn.
Remark 1.4.1. In the general case of (1) above, M is diffeomorphic to a non simply




. Therefore, M is es-
sentially one of the space forms. However, the metric structure of every space form
of constant curvature is not suitable for a reference space. Therefore, (M, o) will be
required to satisfy M \ B¯(o, i(o)) = ∅. Here B¯ is the closure of B. This requirement
means that C (o) has a simple topological structure.
A warped product model (M˜,N) is a pair of complete n-manifold and connected
compact (n−1)-dimensional manifold N which is totally geodesically and isometrically
embedded into M˜ . Its metric is given in (0.5.1) and radial curvature function in (0.5.2).
In [30] Mashiko and Shiohama have characterized warped product models and found
all possible pairs (M,N) of them. We summarize the results as follows.
Let (M,N) be a pair of complete n-manifoldM and a connected compact (n−1)-
manifold N which is isometrically and totally geodesically embedded into M . Let
ρN : M \ N −→ R be the oriented distance function (when the normal bundle
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⊥N ⊂ TM is trivial). The usual distance function ρN is employed when ⊥N is
non-trivial. Let ⊥N be trivial and set M± :=
{






∣∣ ρN(x) ∣∣ , `± := sup
x∈M±
∣∣ ρN(x) ∣∣ .
When ⊥N is non-trivial, we define
% := inf
x∈C (N)
ρN(x) , ` := sup
x∈M
ρN(x) .
The notion of radial plane is defined for (M,N) as follows :
A plane Π ⊂ Mx at a point x is called a radial plane if and only if Π is tangent to a
minimizing geodesic from N to x. A radial curvature of (M,N) is defined as KM(Π).
We then have obvious inequalities :
%± 5 `± , % 5 ` .
We see from the fundamental properties of cut locus to N (See [18] and [30]) that if
%+ = `+ (or % = `) is satisfied, then either C (N) ∩M+ coincides with the first focal
locus with multiplicity (n− 1) or else C (N)∩M+ does not meet the first focal locus
to N and is a smooth hypersurface whose orientable double cover is homothetic to
N . Taking account of all the possible cases for M and N , we have the following.
Theorem 1.4.2 (see Theorem 1.1 in [30]). Assume that the radial curvature of
(M,N) depends only on the oriented distance to N when ⊥N is trivial and depends
only on the usual distance to N when ⊥N is non-trivial. If the radial curvature is
non-constant near ±`± (when ⊥N is trivial), or near ` (when ⊥N is non-trivial), we
then have ±%± = ±`± and also % = `. Moreover we have :
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(1) M \ C (N) is isometric to (−`−,∞) ×f N and ⊥N is trivial, and `− < ∞,
f(−`−) = 0, `+ =∞. We call this an Rn-model .
(2) M \ C (N) is isometric to R ×f N and ⊥N is trivial, and −`− = `+ = ∞. We
call this a cylinder model .
(3) M \ C (N) is isometric to R ×f˜ N̂/Z2 and ⊥N is non-trivial, and ` = ∞. We
call this an open Mo¨bius strip model .
(4) M \ C (N) is isometric to (−`−, `+) ×f Sn−1 and ⊥N is trivial, and `± < ∞,
f(−`−) = f(`+) = 0. We call this an Sn-model .
(5) M \C (N) is isometric to (−`, `)×f˜ Sn−1/Z2 and ⊥N is non-trivial, and ` <∞,
f(`) = 0. We call this a PRn-model .
(6) M \C (N) is isometric to (−`−, `+)×f N and ⊥N is trivial, and −`− = `+ <∞,
f(−`−) = f(`+) > 0. We call this a torus model .
(7) M \ C (N) is isometric to (−`−, `+) ×f˜ N/Z2 and ⊥N is trivial, and `± < ∞,
f(−`−) > 0, f(`+) > 0. We call this a Klein bottle model.
Here f˜ is the warping function on the orientable double cover M̂ of M , and N̂ in (3)
is the orientable double cover of N .
Remark 1.4.2. We discuss the case where an open Mo¨bius strip model (M,N) has the
base manifoldN with trivial normal bundle. ThenM\N has two components. Setting
M \N = M− ∪M+, we may assume that M− is compact and M+ is a half cylinder.
M− is isometric to a component of (7). We then observe that C (N) = C (N) ∩M−,
C (N) ∩ M+ = ∅ and that M \ C (N) is isometric to (−`,∞) ×f N , and C (N) is
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isometric to the scaling f(−`)N of N by f(−`) > 0. Setting g(t) := f(t− `), t = 0,
we may rewrite the metric of M \C (N) as M \C (N) = (0,∞)×gN , and t−1
({0}) =
C (N) = g(0)N is totally geodesic. Setting g˜ : R −→ R+ by g˜(t) := g( | t | ), t ∈ R we
can express the universal Riemannian covering M̂ of M as M̂ = R×g˜ N . Therefore,
M \ C (N) is isometric to R×g˜ N/Z2, as in (3). Also in the cases (5) and (7), other
expressions of non-orientable cases reduce to (5) and (7). We therefore see that all
the possible expression of the warped product models are listed here.
When a warped product model is chosen so as to satisfy that C (N) = ∅ or C (N)
coincides with the first focal locus to N , then the comparison geometry makes sense.
In fact, if (M,N) is referred to a tours model (M˜,N) then there is no focal point to
N on both M and M˜ . Therefore, it is impossible to compare the size of M± with
M˜±. This fact means that for given a generalized geodesic triangle 4(Nxy) ⊂ M ,




We discuss the Toponogov comparison theorem in two cases. One has a model surface
of revolution with symmetric metric around its base point. The other has a warped
product model. We can discuss the generalized Toponogov comparison theorem (see
[30]) for general warped product models and the Alexandrov convexity theorem as
well. To avoid confusion we only consider spherical warped product models and
compact model surfaces of revolution.
2.1 Model surfaces of revolution
Let (M, o) be a pointed complete n-manifold referred to a model surface (M˜, o˜) of
revolution, whose metric is given in (0.4.1). A geodesic triangle on M is a triple of
minimizing geodesics joining points o, x, y ∈ M , called its vertices, and is denoted
by 4(oxy). The crucial point of our discussion is if there exists for 4(oxy) ⊂ M
the corresponding geodesic triangle 4(o˜x˜y˜) ⊂ M˜ with (0.3.1). The structure of the
cut locus C (x˜) to x˜ ∈ M˜ plays an important role for the proof of the existence of
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corresponding triangle 4(o˜x˜y˜) ⊂ M˜ . Tanaka has investigated in [45] the structure of
cut locus on a von Mangoldt surface of revolution (M˜, o˜). He has proved that :
(1) C (x˜) = ∅, if x˜ = o˜ and if M˜ is noncompact .
(2) C (x˜) = o˜1, if M˜ is compact and if o˜1 ∈ M˜ is the point furthest to o˜ . Moreover,
C (x˜) for x˜ 6= o˜, o˜1 is a proper subarc of the meridian
{(
t, θ(x˜) + pi
)
; t > 0
}
.
However, the cut locus on a general model surface of revolution has not been inves-
tigated. Recently, the existence of corresponding geodesic triangle for an arbitrary
given geodesic triangle of the form 4(oxy) ⊂ M has been established in [17] and
stated as follows.
Lemma 2.1.1 (see Lemma 4.3 in [17]). Let (M, o) be a pointed complete n-
manifold referred to a von Mangoldt surface of revolution (M˜, o˜). Then every4(oxy) ⊂
M admits the corresponding geodesic triangle 4(o˜x˜y˜) ⊂ M˜ with (0.3.1).
Let C ⊂ M be a compact set. Let r(C), i(C) be the convexity and injectivity
radius over C. A geodesic triangle 4(oxy) is called a narrow triangle if and only if
the union of the convexity radius balls centered at all the points on its edge ox (oy,
respectively) contains oy (ox, respectively). If α, β : [0, 1] −→ M are its edge such
that α(0) = β(0) = o, α(1) = x, β(1) = y, we then understand that 4(oxy) is a














Theorem 2.1.2 (Narrow triangle comparison theorem). Let (M, o) be referred
to a spherical model surface (M˜, o˜) of revolution. Let 4(oxy) ⊂ M be a narrow
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triangle. Then, there exists a corresponding narrow triangle 4(o˜x˜y˜) ⊂ M˜ with (0.3.1)
such that
∠oxy = ∠o˜x˜y˜ , ∠oyx = ∠o˜y˜x˜ . (2.1.1)
Proof. First of all we fix an arbitrary small η > 0 and choose a spherical model surface
of revolution (M˜η, o˜η) with its radial curvature function
K˜η := K − η . (2.1.2)
Here o˜η is the base point of M˜η and K is the radial curvature function of M˜ . We
choose a division 0 = u0 < u1 < · · · < uk = 1 of [0, 1] as follows. Let γ : [0, 1] −→M
be the edge of 4(oxy) such that γ(0) = x, γ(1) = y and xi := γ(ui), i = 0, · · · , k.
Then the sequence
{4(oxi−1xi)}i=1,··· , k has the following properties :
(1) 4i := 4(oxi−1xi) is a narrow triangle for i = 1, · · · , k ,
(2) Each 4i admits the corresponding narrow triangle 4˜i := 4(o˜ηx˜i−1x˜i) ,
(3) The curvature assumption (1.3.2) is satisfied for each 4i .
The same idea as used in the proof of Proposition 1.3.2 applies to 4i and from Rauch
comparison theorem we see that (for details, see [17])
∠oxi−1xi = ∠o˜ηx˜i−1x˜i , ∠oxixi−1 = ∠o˜ηx˜ix˜i−1 , (2.1.3)
i = 1, · · · , k .
Thus we obtain a broken geodesic with vertices x˜0, x˜1, · · · , x˜k. We observe from
(2.1.3) that
∠x˜i−1x˜ix˜i+1 5 pi , i = 1, · · · , k − 1 , (2.1.4)
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and hence x˜0, x˜1, · · · , x˜k forms a convex broken geodesic. Then the standard stretch-
ing technique implies that the angle ∠o˜ηγ˜(0)γ˜(u) at γ˜(0) of the triangle corresponding
to 4(oxγ(u)) is monotone and non-increasing in u ∈ [0, 1]. In particular, we have
∠oxy = lim
u↓0
∠o˜ηγ˜(0)γ˜(u) = ∠o˜ηγ˜(0)γ˜(1) = ∠o˜ηx˜y˜ .
Because η > 0 is arbitrary taken, we conclude the proof by letting η −→ 0.
Remark 2.1.1. When the reference space of (M, o) is a von Mangoldt surface of rev-
olution, we have
∠oxy = ∠o˜x˜y˜ , ∠oyx = ∠o˜y˜x˜ , ∠xoy = ∠x˜o˜y˜ . (2.1.5)
Here the angle estimate at the base point has recently been established in [17] by
using a technique developed by Machigashira in [24].
We now discuss the Alexandrov-convexity property for generalized geodesic tri-
angles. The Clairaut relation applies to a convex broken geodesic satisfying (2.1.4)
on a model surface M˜ . Here M˜ is either a surface of revolution or a warped product
model. We observe that a geodesic σ˜ on M˜ is contained in a meridian if and only
if the Clairaut constant C(σ˜) of σ˜ satisfies C(σ˜) = 0. Let γ˜ : [0, 1] −→ M˜ be a




, 1 5 i 5 k. The Clairaut constant C(γ˜i) for i = 1, · · · , k satisfies,









C(γ˜i) = f(ti−1) sin∠
(∇t(γ˜i(ui−1)), γ˜′i(ui−1) ) (2.1.6)
= f(ti) sin∠
(∇t(γ˜i(ui)), γ˜′i(ui) ) .
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The broken geodesic is convex if (2.1.4) is satisfied. In the proof of Theorem 2.1.2,
we have
∠
(∇t(γ˜i(ui−1)), γ˜′i(ui−1) ) = ∠(∇t(γ˜i−1(ui−1)), γ˜′i−1(ui−1) ) , (2.1.7)
for i = 1, · · · , k and hence (2.1.4) follows from (2.1.7).
Proposition A. If a broken geodesic γ˜ : [0, 1] −→ M˜ satisfies (2.1.7) and if t ◦ γ˜ :
[0, 1] −→ R is monotone, then {C(γ˜i)}i=1,··· ,k is monotone.
The proof is immediate from (2.1.6) and (2.1.7), and omitted here. Proposition A
plays an important role for the proof of the non-existence of critical points of distance
function to N
(
when (M,N) is referred to (M˜,N)
)




Proposition B (The Alexandrov convexity property ; compare GACT-I in
[17]). Assume that (M, o) is referred to a compact model surface of revolution (M˜, o˜).
Let 4(opq) ⊂ M be a narrow triangle and 4(o˜p˜q˜) ⊂ M˜ its corresponding narrow
triangle. If x ∈ pq and xˆ ∈ p˜q˜ are taken such that
d(p , x) = d(p˜ , xˆ) , d(x, q) = d(xˆ, q˜)
then d(o, x) = d(o˜, xˆ) .
2.2 Spherical warped product models
We now discuss the Toponogov comparison theorem for (M,N) referred to a spherical
warped product model (M˜,N), where its metric ds˜2 is expressed as
ds˜2 = dt2 + f 2(t)ds2N(x) , (t, x) ∈ (−˜`−, ˜`+)×N . (2.2.1)
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Here we have ˜`± <∞ and
f(0) = 1 , f ′(0) = 0 , f(−˜`−) = f(˜`+) = 0 . (2.2.2)
Clearly, N ⊂ M is a totally geodesic hypersurface and the standard (n − 1)-sphere
with constant curvature.
From the assumption for the radial curvature (1.3.2), we observe that if ρN :
M −→ R is the oriented distance function to N , then
−˜`− 5 min ρN < 0 < max ρN 5 ˜`+ . (2.2.3)
Namely, the focal point distance to N on M does not exceed that on M˜ .
A generalized geodesic triangle on M is defined as follows. We choose arbitrary
points x, y ∈ M on the same component of M \ N . Let α, β : [0, 1] −→ M be
minimizing geodesics from N to x, y such that α(0), β(0) ∈ N , α(1) = x, β(1) = y.
Let γ : [0, 1] −→M be a minimizing geodesic with γ(0) = x, γ(1) = y. A generalized
geodesic triangle is by definition a triple of minimizing geodesics, two of them are from
N to points x, y, taken in the same component ofM \N . We denote it by 4(Nxy) or
4(αβγ). A generalized geodesic triangle 4(Nxy) ⊂M is called a generalized narrow














The Toponogov comparison theorem for generalized narrow triangles can be es-
tablished by a manner similar to that of narrow triangle comparison theorem 2.1.2,
and stated as follows.
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Theorem 2.2.1 (Generalized narrow triangle comparison theorem ; see The-
orem in [30]). Let (M,N) be referred to a spherical warped product model (M˜,N).
Let 4(Nxy) ⊂ M+ be a generalized narrow triangle. Then there exists the corre-
sponding generalized narrow triangle 4(Nx˜y˜) ⊂ M˜+ such that
d(x, y) = d(x˜, y˜) , d(N, x) = d(N, x˜) , d(N, y) = d(N, y˜) (2.2.4)
and satisfies
∠Nxy = ∠Nx˜y˜ , ∠Nyx = ∠Ny˜x˜ . (2.2.5)
Remark 2.2.1. The Alexandrov convexity property is valid for generalized narrow
triangles. Under the assumption in Theorem 2.2.1, we denote by ϕ˜(u), 0 5 u 5 1,
the angle at x˜ of the generalized narrow triangle corresponding to 4(Nxγ(u)). We
then see that ϕ˜ is monotone and non-increasing on [0, 1]. The same is true for the
angle ψ˜(u) at y˜ of the generalized narrow triangle corresponding to 4(Nγ(1− u)y).
Proposition 2.2.2 (Generalized Alexandrov convexity property). Let (M,N)
be referred to a spherical warped product model (M˜,N). For a generalized narrow
triangle 4(Npq) ⊂ M+, there exists the corresponding generalized narrow triangle
4(Np˜q˜) ⊂ M˜+ satisfying (2.2.4) such that if x ∈ M+ is a point on the edge pq and
if xˆ ∈ M˜+ is the corresponding point on p˜ q˜ such that
d(p, x) = d(p˜, xˆ) , d(q, x) = d(q˜, xˆ)
then
d(N, x) = d(N, xˆ) > 0 .
Chapter 3
Morse theory for Lipschiz
continuous functions
Morse theory plays an important role for the investigation of the topology of smooth
manifolds. The standard Morse theory discusses functions of differentiability of class
C 2. Most functions arising from the geometry of manifolds are constructed from the
Riemannian structure, and hence they are not of differentiability of class C 2. The
idea of Morse theory is used for the proofs of our theorems. We shall employ Morse
theoretic approach of Lipschitz continuous functions on complete (not necessarily
compact) Riemannian manifolds. We discuss in this section general ideas on the
transversality and smooth approximations of locally Lipschitz continuous functions
on complete (not necessarily compact) manifolds. This idea has been employed by
Grove-Shiohama [16], Greene-Wu [11, 12] and Greene-Shiohama [9, 10] etc.
By the standard Riemannian convolution procedure, we obtain smooth approxi-
mations of Lipschitz continuous functions. It is however not certain if such a smooth
approximation is a Morse function or not. The analysis of Morse theory developed
here depends on the local Lipschitz continuity of a function f : M −→ R and the
existence of continuous (smooth) vector fields defined on the complement of a small
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neighborhood around the critical set Crit(f) of f , along which the first order difference
quotient is bounded away from 0. The idea was used to establish the differentiable
structure of complete Riemannian manifolds admitting nonconstant convex functions
in [9]. Throughout this chapter we need not assume the compactness of M .
3.1 Vector fields and Lipschitz continuous func-
tions
By a well known theorem due to Rademacher, a locally Lipschitz continuous function
f on a complete Riemannian manifold M is almost everywhere differentiable. Then,
the gradient vector field, ∇f , of f is defined almost everywhere on M . For a point
p ∈M , we define the limit set, Lim∇f(p), of vectors as





Clearly, Lim∇f(p) = ∇f(p) if and only if f is differentiable at p.
Definition 3.1.1. Let f :M −→ R be a locally Lipschitz continuous function.
(1) p ∈ M is called a non-critical point of f if and only if Lim∇f(p) is contained in
an open half space of Mp.
(2) p ∈ M is called a critical point of f if and only if p is not a non-critical point of
f .
Remark 3.1.1. If p ∈M is a non-critical point of f , then there exists positive numbers
c1, c2 such that ‖u ‖ = c1 holds for all u ∈ Lim∇f(p) and such that there exists a
vector vp ∈ Mp satisfying ∠(u, vp) < pi2 − c2 for all u ∈ Lim∇f(p). In fact, vp ∈ Mp
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may be chosen to be the center of all unit vectors
{
u/‖u ‖ ; u ∈ Lim∇f(p)} ⊂ Sn−1p .
A point p ∈ X is a critical point of f if and only if there exists for every v ∈ Mp an
element u ∈ Lim∇f(p) such that < u, v >= 0.
We now fix a point p ∈ M and a vector X ∈ Mp. We denote by cX(t) a smooth
curve fitting X : cX(0) := p, c˙X(0) := X. We then set
X+R (f) := lim sup
t−→0+
f ◦ cX(t)− f ◦ cX(0)
t
, (3.1.2)
X−R (f) := lim inf
t−→0+
f ◦ cX(t)− f ◦ cX(0)
t
and also









Clearly, f is differentiable at p if and only if
X+R (f) = X
−
R (f) = X
+
L (f) = X
−
L (f) =< ∇f(p), X > .
Definition 3.1.2. A vector field X is by definition transversal to a locally Lipschitz
continuous function f at a point p ∈M if and only if there is a neighborhood U of p




(f) < −ε , ∀ q ∈ U .
The following properties are observed directly from the definition.
(1) A point p ∈ M is non-critical of f if and only if there is a vector field X such
that X is transversal to f at p.
(2) Let B > 0 be the local Lipschitz constant of f around p and X, Y ∈ Mp. We
then have ∣∣∣X+R (f)− Y +R (f) ∣∣∣ 5 ‖X − Y ‖ ·B .
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(3) If X is a smooth vector field and if c(t) is the flow curve along X, then f ◦ c(t)
is locally Lipschitz continuous and





f ◦ c(t) dt .
Here the derivative in the integrand exists almost all t-values. Moreover, if X is
transversal to f at each point of c, then f ◦ c(t) is strictly decreasing in t.
Morse theoretic approach of ρo and ρN is now explained in Proposition 3.1.1 under
a more general setting. The topological product structure I × N of a complete and
noncompact M is constructed by using a locally Lipschitz continuous function and
a smooth vector field transversal to it everywhere on M . Here I is an open interval
and N a smooth hypersurface homeomorphic to a level surface. In the proofs of our
Theorems A and B, we only employ this idea in Proposition 3.1.1 to compact sets of
the formM \U(Crit(ρo)) andM \U(Crit(ρN)), where each component of U(Crit(ρo))
and U(Crit(ρN)) is a disk.
Proposition 3.1.1. Let M be a complete and noncompact Riemannian manifold.
Let f : M −→ R be a locally Lipschitz continuous function and X : M −→ TM a
smooth vector field transversal to f everywhere on M . Assume that each maximal
flow curve c of X has the property that the range of f ◦ c coincides with f(M). Then,
the level set Maa (f) := f
−1({a}) is homeomorphic to M bb (f) for every a, b ∈ f(M).
In particular, M is homeomorphic to the product manifold Maa (f)×R. Here Maa (f)
carries the structure of a topological (n− 1)-manifold.
Proof. As we have already stated, the function f ◦c(t) is strictly monotone decreasing
in t. For each b ∈ f(M), we find a number tb ∈ R such that f ◦ c(tb) = b and hence
there exists a unique such value. The correspondence between the two level sets is
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obtained along each flow curve emanating from a point onMaa (f) and passing through
a point on M bb (f) : If x ∈ Maa (f) and if c is the flow curve passing through x, then
there is a unique number tb ∈ f(M) such that c(tb) ∈ M bb (f) and f ◦ c(tb) = b. This
property is guaranteed by the assumption on the maximal flow curve. Clearly, this
correspondence x 7→ c(tb) from Maa (f) to M bb (f) is 1-1 and continuous, and so is
its inverse. Therefore, all the level sets of f are homeomorphic to each other. The
topological product structure on M is obtained by the homeomorphism Maa (f) ×
f(M) −→ M defined by (x, b) 7→ c(tb). Since f ◦ c is strictly monotone decreasing
and f(M) coincides with the range of f ◦ c, we observe that f ◦ c is an open interval
of R. The proof of Maa (f) being a topological manifold is shown in the next section,
Proposition 3.2.2.
3.2 The construction of smooth approximations
We shall make use of the fundamental properties of smooth approximations by the
standard Riemannian convolution, for details, see [11] and [16]. We first define the
kernel κ : R −→ [0, 1] of the Riemannian convolution which is a smooth and even
function such that
κ ≡ 1 near 0 , supp(κ) ⊂ (−1, 1)
and ∫
v ∈Rn
κ( ‖ v ‖ ) dv = 1 , (n = dimM ) .
For a (locally Lipschitz continuous) function f :M −→ R and for a sufficiently small











where dv is the volume element on Mp induced from the Riemannian structure. We
recall that r(A) is the convexity radius on A ⊂ M . Let A ⊂ M be compact and







converges uniformly to f
∣∣
A
as δ −→ 0+. The following Lemma 3.2.1






and hence its proof is omitted
here.
Lemma 3.2.1. Let f : M −→ R be a locally Lipschitz continuous function and




(f) < −ε < 0. Then, there is a neighborhood Ω(p) of p and a positive
number δ0 such that for each δ ∈ (0, δ0) we have
X(fδ) < −ε
2
on Ω(p) . (3.2.2)
Assume that X : M −→ TM is a smooth vector field transversal to a locally
Lipschitz continuous function f :M −→ R at each point on M . For a given compact





(f) < −ε0 for all p ∈ A. We
then choose for an arbitrary given small ε > 0, finitely many points p1, · · · , pk ∈ A
in such a way that there exists for each i = 1, · · · , k an open set Ωi := Ω(pi) and
smooth approximations
{




, |f − fδi| <
ε
2k
on Ωi . (3.2.3)
Let {λi}i=1,··· ,k be a partition of unity subordinate to {Ωi} such that supp(λi) ⊂ Ωi,
λi ≡ 1 near pi and λi = 0 for all i = 1, · · · , k and such that
∑
λi = 1 on A. We then
have for p ∈ A :





















Summing up these computations, we have proved the following.
Proposition 3.2.2. Under the same assumptions as in Lemma 3.2.1, there exists
for an arbitrary given compact set A ⊂ M and for an arbitrary small ε > 0, smooth




, |f − fδ| < ε on A . (3.2.6)
In particular, each level set Maa (f) is homeomorphic to a smooth hypersurface M
a
a (fδ)
via the flow curves along X.
3.3 The construction of a smooth vector field
Let f : M −→ R be a locally Lipschitz continuous function. We now construct
a smooth vector field X defined on M \ U¯(Crit(f)), which is transversal to f at
each point on M \ U¯(Crit(f)). Here U(Crit(f)) is an open set containing Crit(f).
The standard partition of unity is employed for the construction of such an X. X
is obtained by the local smooth vector fields each of which is defined in a small
neighborhood of a point and it is transversal to f at that point.
Proposition 3.3.1. Let f : M −→ R be locally Lipschitz and U(Crit(f)) ⊂ M
a neighborhood of Crit(f). Then, there exists for a given compact set A ⊂ M \
U(Crit(f)), a smooth vector field X defined on a neighborhood U(A) of A which is
transversal to f at each point of A.
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Proof. We find for a given compact set A ⊂ M \ U(Crit(f)), constants ε(A) > 0,
c1(A) > 0 and c2(A) > 0 with the following properties : If p ∈ A is a non-
differentiable point, then there exists a unit vector −vp ∈ Mp as defined in Re-
mark 3.1.1. If p ∈ A is a differentiable point of f , we then set −vp := ∇f(p). From
the definition of −vp, we see that there exists a small neighborhood U(p), p ∈ A such







, q ∈ U(p) . (3.3.1)
We choose a locally finite countable open cover {U(pi)}i=1,2,··· of M such that A ⊂
∪ki=1U(pi), pi ∈ A, i = 1, · · · , k for some k < ∞. We then take a partition of unity
{λi}i=1,··· ,k subordinate to {U(pi)} such that
k∑
i=1
λi = 1 and
supp(λi) ⊂ U(pi) , λi ≡ 1 near pi , λi = 0 , i = 1, · · · , k .
We then obtain a smooth vector field X : M −→ TM such that setting U(A) :=
∪ki=1U(pi) and X :=
∑k
i=1 λiXpi . We find a constant ε
′(A) > 0 satisfying
X+R (f) < −ε′(A) everywhere on A .
This completes the proof in the case where M is compact.
In the case whereM is noncompact, we only need to choose a monotone increasing
sequence {Ai}i=1,2,··· of compact sets exhaustingM \U(Crit(f)). We have constructed
a smooth vector field Xi :M −→ TM for each i = 1, 2, · · · , satisfying
(Xi)
+
R(f) < −ε′(Ai) < 0 everywhere on Ai .
Apply again the partition of unity technique to obtain a smooth vector field X :
M −→ R transversal to f everywhere on M \ U¯(Crit(f)).
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Remark 3.3.1. In the proofs of our theorems we do not need the noncompact dis-
cussion, but for the completeness of our discussion and for later use it will be worth
stating this.
Chapter 4
The proofs of Theorems A and B
First of all, the idea of the proofs of our theorems is stated in outline. The properties
of locally Lipschitz continuous functions discussed in Chapter 3 apply to the distance
function ρo to the base point o ∈ M in Theorem A, and to the oriented distance
function ρN to the base manifold N in Theorem B. We prove in the Basic Lemma
4.1.1 below that the critical sets, Crit(ρo) and Crit(ρN), consist of exactly two points
at which the maximum and minimum is attained. Further, each element u ∈ Lim∇f
(here f = ρo or f = ρN) at a non-differentiable point is a unit vector and ‖∇f ‖ = 1
where it is defined. We observe from the compactness of M that if c is a maximal
flow curve of a smooth vector field X transversal to f = ρo and f = ρN , then
the range of f ◦ c is equal to an open interval f(M \ Crit(f) ). Moreover, N =
M00 (ρN) = ρ
−1
N ( {0} ) is isometric to the standard (n − 1)-sphere and Maa (ρo) for
a ∈ ( 0, r(o) ) is diffeomorphic to Sn−1. Therefore, Proposition 3.1.1 implies that
M \Crit(f) is homeomorphic to the product Int( f(M) )×Sn−1. We have constructed





From now on let (M, o) and (M,N) be referred to (M˜, o˜) and (M˜,N) as in Theorems
A and B, respectively. Let ` := sup ρo and −`− := inf ρN , `+ := sup ρN . With this
notation we state the
Basic Lemma 4.1.1. The distance functions ρo and ρN have the following properties :
(1) Crit(ρo) = {o} ∪ {o1} , where o1 ∈M satisfies
ρ−1o
( { ` } ) = {o1} .
(2) Crit(ρN) = {o−} ∪ {o+} , where o± ∈M satisfies
ρ−1N
( {−`− } ) = {o−} and ρ−1N ( { `+ } ) = {o+} .
(3) The distance functions ρo and ±ρN are concave on the sets ρ−1o [ ˜`− r(o˜∗), ` ],
ρ−1N [ ˜`+ − r(o˜+), `+ ] and ρ−1N [−`−,−˜`− + r(o˜−) ] .
Remark 4.1.1. Every von Mangoldt surface of revolution has the property that r(o˜) =
˜`− r(o˜∗) is a unique zero of f ′. Our model surface of revolution has the property that
r(o˜) and ˜`− r(o˜∗) are the first and last zeros of f ′. The concavity of two functions
in (3) is a direct consequence of the second variation formula along every minimizing
geodesic from o to a point in ρ−1o [ ˜`−r(o˜∗), ` ], or from N to a point ρ−1N [ ˜`+−r(o˜+), `+ ]
and ρ−1N [−`−,−˜`−+ r(o˜−) ] respectively. Therefore, we only prove the statements (1)
and (2) in Basic Lemma.
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Proof of Lemma 4.1.1 (1). Suppose we have two points o1, o2 ∈ M such that
ρo(o1) = ρo(o2) = `. Let γ : [0, 1] −→ M be a minimizing geodesic with γ(0) = o1
and γ(1) = o2. We may assume that ρo ◦ γ : [0, 1] −→ R+ takes a mini-
mum at an interior point u∗ ∈ (0, 1). Choose a finite division, 0 = u0 < u1 <
· · · < ui < · · · < uk = 1, of [0, 1] such that u∗ = ui and such that for each
j = 1, · · · , k the geodesic triangle 4(o γ(uj−1) γ(uj)) is a narrow triangle. Since
∠o γ(ui) γ(ui−1) = ∠o γ(ui) γ(ui+1) = pi2 , the narrow triangle comparison theo-




we see ∠γ˜(uj−1) γ˜(uj) γ˜(uj+1) 5 pi for j = 1, · · · , k. Suppose ∠o˜ γ˜(ui) γ˜(ui+1) < pi2 .
Then (2.1.1) implies that
ρo(γ(ui+1)) = d(o˜, γ˜(ui+1)) < d(o˜, γ˜(ui)) = ρo(γ(ui)) ,
a contradiction. Therefore, we have ∠o˜ γ˜(ui) γ˜(ui+1) = pi2 . Also, we have
∠o˜ γ˜(ui) γ˜(ui−1) = pi2 . Setting γ˜j the edge of 4(o˜ γ˜(uj−1) γ˜(uj)) opposite to o˜, we
have convex broken geodesics γ˜i+1 ∪ · · · ∪ γ˜k and γ˜i ∪ · · · ∪ γ˜1 with corners γ˜(ui),
γ˜(ui+1), · · · , γ˜(uk) = γ˜(1) and γ˜(ui), γ˜(ui−1), · · · , γ˜(u0) = γ˜(0), respectively. They
are transversal to the meridian at every point on it. The transversality follows
from the Clairaut relation (Lemma 1.1.1). Therefore, Proposition A implies that
{C(γ˜j)}j=i,··· , 1 and {C(γ˜j)}j=i+1,··· , k are monotone non-decreasing and hence we have
C(γ˜i+1) 5 · · · 5 C(γ˜k). Since o2 is a critical point of ρo, we see from Remark 3.1.1































We observe from the strictly monotone property of f near 0 and near ˜` that (4.1.3)
implies γ˜(ui) ∈ B( o˜, ε(M˜ ) ∪ B( o˜∗, ε(M˜) ). Here o˜∗ ∈ M˜ is the point furthest to o˜,
that is, d(o˜, o˜∗) = ˜`. The construction of the corresponding narrow triangles implies
that if γ(ui) ∈ B(o, ε(M˜)), then
d(o1, o2) = L(γ) = d(o1, γ(ui)) + d(γ(ui), o2)
= 2(`− ε(M˜))
> 2(˜`− 2ε(M˜)) .
Thus a contradiction is derived from
diam(M) = d(o1, o2) = 2( `− ε(M˜) ) > 2( ˜`− 2ε(M˜) ) > ˜`.
Therefore, we see that γ(ui) ∈ ρ−1o [ ˜`− ε(M˜), ` ]. Then a contradiction is derived by
the same proof technique as in (2).
We next prove that there is no critical point of ρo on M \ {o} ∪ {o1}, where
o1 ∈ M is the unique point with ρo(o1) = `. Because ρo is convex on B(o, r(o)) and
concave on ρ−1o [ ˜`− r(o˜∗), ` ], we need to show that there is no critical point of ρo
outside these two balls. Suppose that there is a critical point x ∈ ρ−1o [ r(o), ˜`− r(o˜∗) ].
Let γ : [0, 1] −→ M be a minimizing geodesic with γ(0) = x, γ(1) = o1. Since x and
o1 are critical points of ρo, there exists minimizing geodesics joining o to x and o1
such that ∠o x o1 5 pi2 and ∠o o1 x 5
pi
2
. Let 0 = u0 < · · · < ui < · · · < uk = 1 be a









holds and we have γ(ui) ∈ ρ−1o [ 0, ε(M˜) ) ∪ ρ−1o [ ˜`− ε(M˜), ` ]. If γ(ui) ∈ B(o, ε(M˜)),
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that is, γ(ui) ∈ ρ−1o [ 0, ε(M˜) ) then
diam(M) = d(x, o1) = d(x, γ(ui)) + d(γ(ui), o1)
= (r(o)− ε(M˜)) + (`− ε(M˜))
= `+ ε(M˜) > ˜`,
a contradiction to diam(M) 5 ˜`.
Therefore, we have γ(ui) ∈ ρ−1o [ ˜`−ε(M˜), ` ] and convexity of ρ−1o [ ˜`−ε(M˜), ` ] implies
that ρo ◦γ : [ui, 1] −→ R is constant. Thus a narrow triangle 4(o γ(uk−1) o1) satisfies
∠o o1 γ(uk−1) = pi2 . However, the corresponding narrow triangle 4(o˜ γ˜(uk−1) o˜1) satis-
fies ∠o˜ o˜1 γ˜(uk−1) > pi2 by concavity. This is a contradiction, and Crit(ρo) = {o}∪{o1}
has been established.
Proof of Lemma 4.1.1 (2). The proof of (2) is basically the same as that of (1). The
same notation as in (1) will be employed here. Suppose that there are two points
o1+, o
2
+ ∈ M+ at maximal distance to N . We see that a minimizing geodesic γ :





(u), then Proposition A implies that ρN ◦ γ
∣∣
[ui, 1]
is constant. In particular, we
have ∠Nγ(ui)γ(ui+1) = pi2 . However, the corresponding generalized narrow triangle
4(Nγ˜(ui)γ˜(ui+1)) has its edge angle at γ˜(ui) greater than pi2 . This contradicts to
the generalized narrow triangle comparison theorem 2.1.2. We have proved the
uniqueness of the maximal set ρ−1N
({`+}) =: {o+}.
The proof of Crit(ρN) ∩M+ = {o+} is obtained by the same manner as that of
Crit(ρo) = {o} ∪ {o1}, and omitted here.
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4.2 Proofs and open problems
First of all we prove Theorem A. By means of the Basic Lemma 4.1.1 the distance func-
tion ρo has only two critical points at o and o1. We have two convex sets ρ
−1
o [ 0, r(o) )
and ρ−1o [ ˜`− r(o˜∗), ` ] and they are topological disks. Let A := ρ−1o [ r(o), ˜`− r(o˜∗) ].
We then have from the discussion in subsection 3.3, a smooth vector field X de-
fined on an open set, U(A), of A on which X is transversal to ρo. Because the
boundary, ∂B(o, r(o)), of ρ−1o [ 0, r(o) ) is diffeomorphic to S
n−1 and X is transversal
to the boundary hypersurfaces, we observe that A is homeomorphic to a cylinder
∂B(o, r(o))× [0, 1]. Thus we have expressed M as the union of two disks ρ−1o [ 0, r(o) )
and ρ−1o [ ˜`−r(o˜∗), ` ] and a cylinder Sn−1×[0, 1] joined along their common boundaries.
This proves Theorem A.
The proof of Theorem B is now direct from the above discussion. In fact, we
have proved from the above that M+ is homeomorphic to a closed n-disk and that
the boundary ∂M+ = N is the standard (n − 1)-sphere. So is M− by the same
reason. Thus M is obtained as the union of two n-disks whose common boundary is
N = ∂M+ = ∂M−. Therefore, M is homeomorphic to Sn.
In view of the above work, we have the following open problems. They will be
solved in a near future.
Let (M, o) be referred to a compact model surface of revolution (M˜, o˜). We have
defined constants, ε(M˜), ˜`, etc., from the metric of M˜ . With this notation, we state
our problems.
Problem 4.2.1. Suppose that diam(M) = sup ρo > ˜`− r(o˜∗). Then, is M homeomor-
phic to Sn?
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Problem 4.2.2. Suppose that sup ρo = sup ρo1 > r(o˜∗), where o1 ∈ M is the unique
point satisfying sup ρo = ρo(o1). Then, is M a topological sphere?
Problem 4.2.3. Does there exists a positive number ν0 := ν0(n, M˜) such that if the
volume and ρo of M satisfy
vol(M) > vol(M˜)− ν0 , sup ρo = sup ρo1 = ρo(o1) , (*)
for some point o1 ∈M , then M is a topological sphere.
Problem 4.2.4. Assume that an n-model surface of revolution is an embedded compact
hypersurface in Rn+1. Find a ν0(n, M˜) > 0 such that M is diffeomorphic to S
n if (*)
is satisfied.
Problem 4.2.5. Under the same assumption as in Problem 4.2.3, estimate the Gromov-
Hausdorff distance between M and M˜ in terms of ν0 and n.
Let (M,N) be referred to a given spherical warped product model (M˜,N). We




Problem 4.2.6. Let η := vol(M˜)− vol(M). Estimate the Gromov-Hasudorff distance
dGH(M, M˜) between M and M˜ in terms of η and n = dimM = dimM˜ . Conversely,
estimate η := vol(M˜)− vol(M) in terms of dGH(M, M˜).
Problem 4.2.7. Does there exists a small number ε > 0 such that if dGH(M, M˜) < ε,
then M is diffeomorphic to Sn.
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